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本试卷共 4 页，共 150 分。考试时长 120 分钟。考生务必将答案答在答题卡上，在试卷上作答

无效。考试结束后，将本试卷和答题卡一并交回。

(选择题，共 40 分)

10 4 40

1. 已知集合 𝐴 = {𝑥 ∣ 𝑥 = 2𝑘 + 1, 𝑘 ∈ Z}, 𝐵 = {𝑥 ∣ −2 < 𝑥 < 4}, 那么 𝐴 𝐵 =
(A) {−1, 1} (B) {1, 3} (C) {−1, 1, 3} (D) {0, 2, 4}

2. 函数 𝑓(𝑥) =
√
1 − 𝑥2 的定义域为

(A) (−1, 1) (B) [−1, 1]

(C) (−∞,−1) (1,+∞) (D) (−∞,−1] [1,+∞)

3. 下列函数中，在定义域内既是奇函数, 又是增函数的是

(A) 𝑦 = 𝑥2 (B) 𝑦 = 𝑥 + 1 (C) 𝑦 = −1
𝑥 (D) 𝑦 = 𝑥3

4. 已知 𝑥 > 0, 则 𝑥 + 9
𝑥 的最小值为

(A) −3 (B) 3 (C) 6 (D) 10

5. 已知函数 𝑓(𝑥) = { 𝑥2 − 1, 𝑥 ⩾ 1,
𝑥 − 2, 𝑥 < 1.

若 𝑓(𝑎) = 3，则 𝑎 =

(A) ±2 (B) 2 (C) −2 (D) 5

6. 已知函数 𝑓(𝑥) 是定义在 [−6, 6] 上的偶函数，且在 [0, 6] 上单调递增. 以下结论正确的是

(A) 𝑓(−5) > 𝑓(𝜋) > 𝑓(−2) (B) 𝑓(𝜋) > 𝑓(−2) > 𝑓(−5)

(C) 𝑓(𝜋) > 𝑓(−5) > 𝑓(−2) (D) 𝑓(−5) > 𝑓(−2) > 𝑓(𝜋)

7. 已知函数 𝑦 = 𝑓(𝑥) 图象是连续不断的，并且是 R 上的增函数，有如下的对应值表

𝑥 1 2 3 4
𝑦 −0.24 1.21 3.79 10.28

以下说法中错误的是

(A) 𝑓(0) < 0 (B) 当 𝑥 > 2 时，𝑓(𝑥) > 0

(C) 函数 𝑓(𝑥) 有且仅有一个零点 (D) 函数 𝑔(𝑥) = 𝑓(𝑥) + 𝑥 可能无零点
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8. 已知 𝑓(𝑥) 是定义在 R 上的函数，那么“存在实数 𝑀，使得对任意 𝑥 ∈ R 总有 𝑓(𝑥) ⩽ 𝑀” 是

“函数 𝑓(𝑥) 存在最大值”的

(A) 充分不必要条件 (B) 必要不充分条件

(C) 充要条件 (D) 既不充分也不必要条件

9. 数学里有一种证明方法为无字证明，是指仅用图形而无需文字解释就

能不证自明的数学命题. 在同一平面内有形状、大小相同的图 1 和

图 2，其中四边形 𝐴𝐵𝐶𝐷 为矩形，△𝐵𝐶𝐸 为等腰直角三角形，设

𝐴𝐵 = √𝑎,𝐵𝐶 =
√
𝑏(𝑏 ⩾ 𝑎 > 0)，则借助这两个图形可以直接无字证

明的不等式是

(A) 𝑎 + 𝑏
2 ⩾

√
𝑎𝑏 (B) 2𝑎𝑏

𝑎 + 𝑏 ⩽
√
𝑎𝑏

(C) 𝑎2 + 𝑏2 ⩾ 2
√
𝑎𝑏 (D) 𝑎 + 𝑏

2 ⩽ √𝑎2 + 𝑏2
2

10. 将 5 个 1，5 个 2，5 个 3，5 个 4，5 个 5 共 25 个数填入一个 5 行 5 列的表格内 (每格填入 1 个数)，
使得同一行中任何两数之差的绝对值不超过 2，设第 𝑘 行的所有数的和为 𝑟𝑘(𝑘 = 1, 2, 3, 4, 5),
𝑚 为 𝑟1, 𝑟2, 𝑟3, 𝑟4, 𝑟5 中的最小值，则 𝑚 的最大值为

(A) 8 (B) 9 (C) 10 (D) 11

(非选择题，共 110 分)

5 5 25

11. 已知命题 𝑝 ∶ ∃𝑥 ∈ R，𝑥2 − 𝑥 + 1 < 0, 则 ¬𝑝: .

12. 已知 𝑎, 𝑏, 𝑐 为实数，能说明“若 𝑎 > 𝑏 > 𝑐，则 𝑎2 > 𝑏𝑐” 为假命题的一组 𝑎, 𝑏, 𝑐 的值是 .

13. 函数 𝑓(𝑥) = 𝑥 + 1
𝑥 − 1 的图象的对称中心是 ，不等式 𝑓(𝑥) ⩾ −1 的解集是 .

14. 已知函数 𝑓(𝑥) =
⎧{
⎨{⎩

𝑥2 + 4𝑥 + 3, 𝑥 ∈ (−∞, 0],
| 1𝑥 − 1|, 𝑥 ∈ (0,+∞).

若关于 𝑥 的方程 𝑓(𝑥) = 𝑡 有 4 个不同的实数

根 𝑥1, 𝑥2, 𝑥3, 𝑥4(𝑥1 < 𝑥2 < 𝑥3 < 𝑥4)，则 𝑡 的取值范围是 , 若 𝑥1 + 𝑥2 + 𝑥3𝑥4 = 0，则

𝑡 = .

15. 已知函数 𝑓(𝑥) 的定义域为 [0, 1], 且满足下列条件:
(1) 对任意的 𝑥 ∈ [0, 1], 总有 𝑓(𝑥) ⩾ 3, 且 𝑓(1) = 4;
(2) 若 𝑥1 ⩾ 0, 𝑥2 ⩾ 0, 𝑥1 + 𝑥2 ⩽ 1, 则有 𝑓 (𝑥1 + 𝑥2) ⩾ 𝑓 (𝑥1) + 𝑓 (𝑥2) − 3.
给出下列四个结论：

① 𝑓 (1
2) ⩽ 7

2 ;

② 𝑓(0) 可能为区间 [3, 4] 中的任意值；

③ 函数 𝑓(𝑥) 的最大值是 4；

④ 当 𝑥 ∈ ( 1
32 ,

1
3] 时, 𝑓(𝑥) < 3𝑥 + 3.

其中所有正确结论的序号是 .
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16.（15 分）

已知 𝑓(𝑥) 是 R 上的奇函数，当 𝑥 > 0 时，𝑓(𝑥) = 𝑥2−3𝑥+2.
现已作出函数 𝑓(𝑥) 在 𝑦 轴右侧的图象，如图所示.

（I） 请根据条件，将函数 𝑓(𝑥) 的图象补充完整，并直接写出函数

𝑓(𝑥) 的表达式；

（II） 写出函数 𝑓(𝑥) 的单调区间，并利用单调性的定义证明函数

𝑓(𝑥) 在 (0, 1) 上单调递减；

（III） 直接写出不等式 (𝑥 − 1)𝑓(𝑥) > 0 的解集.

17.（15 分）

已知集合 𝐴 = {𝑥||𝑥 − 1| < 2}，𝐵 = {𝑥|𝑥2 − 6𝑎𝑥 + 5𝑎2 < 0}.
（I） 若 𝑎 = 1，求 𝐴 𝐵；

（II） 请在条件①、条件②、条件③这三个条件中选择一个作为已知，使得至少存在一个实数 𝑎 满足

该条件，并求出 𝑎 的范围.
① 𝐴 𝐵 = 𝐵；② 𝐴 𝐵 = 𝐵；③ ∁R𝐴 ∁R𝐵.
注：如果选择多个符合要求的条件分别解答，按第一个解答计分.

18.（14 分）

已知关于 𝑥, 𝑦 的方程组 { 2𝑥2 + 𝑦2 = 2,
𝑦 = 𝑘𝑥 + 1,

其中 𝑘 ∈ R.

（I） 当 𝑘 = 1 时，求该方程组的解；

（II） 证明：无论 𝑘 为何值，该方程组总有两组不同的解；

（III） 记该方程组的两组不同的解分别为 { 𝑥 = 𝑥1,
𝑦 = 𝑦1

和 { 𝑥 = 𝑥2,
𝑦 = 𝑦2,

判断 3(𝑦1 + 𝑦2) − 2𝑦1𝑦2 是否

为定值. 若为定值，请求出该值；若不是定值，请说明理由.
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19.（13 分）

某厂家为开拓市场, 拟对广告宣传方面的投入进行调整. 经调查测算, 产品的年订购量 𝑡(万件)

与广告费用 𝑥(万元) 之间的关系为 𝑡 = 25 − 𝑘
𝑥 + 2 . 已知当广告费用投入为 6 万元时, 产品订购量

为 19 万件. 该厂家每生产 1 万件该产品, 需投入 12 万元. 另外，厂家每年还需投入 30 万元用于生

产线的维护. 规定年总成本为生产投入费用、维护投入费用、广告费用的总和.
（I） 求 𝑘 的值;
（II） 试求该厂家的年总成本 𝑦(万元) 与广告费用 𝑥(万元) 之间的函数关系式;
（III） 假定年生产成本为生产投入费用、维护投入费用的和. 若每件产品的售价定为产品的年平均生

产成本的 2 倍, 当广告费用为多少万元时, 厂家的年利润最高?

20.（14 分）

已知函数 𝑓(𝑥) = 𝑥|𝑥 − 𝑎| + 2𝑥，𝑎 ⩾ 0.
（I） 证明：当 𝑎 = 0 时，𝑓(𝑥) 是奇函数;
（II） 若函数 𝑓(𝑥) 在 (0,+∞) 上单调递增，求 𝑎 的取值范围；

（III） 若对任意 𝑥 ∈ [1, 2], 关于 𝑥 的不等式 𝑓(𝑥) < 2𝑥 + 1 恒成立, 求 𝑎 的取值范围.

21.（14 分）

对任意非空数集 𝐴, 定义 𝛺(𝐴) = {𝜋(𝑋) ∣ 𝑋 𝐴且𝑋 ≠ 𝜙}, 其中 𝜋(𝑋) 表示非空数集 𝑋 中所

有元素的积. 特别地, 如果 𝑋 = {𝑥}, 规定 𝜋(𝑋) = 𝑥.

（I） 若 𝐴1 = {1
2, 1, 4} ,𝐴2 = {2, 3, 5}, 请直接写出集合 𝛺 (𝐴1) 和 𝛺 (𝐴2) 中元素的个数；

（II） 若 𝐴 = {𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5}, 其中 𝑎𝑖 是正整数（𝑖 = 1, 2, 3, 4, 5）, 求集合 𝛺(𝐴) 中元素个数的最

大值和最小值, 并说明理由；

（III） 若 𝐴 = {𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5, 𝑎6, 𝑎7}, 其中 𝑎𝑖 是正实数 (𝑖 = 1, 2, 3, 4, 5, 6, 7), 求集合 𝛺(𝐴) 中元素

个数的最小值, 并说明理由.
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题号 1 2 3 4 5 6 7 8 9 10
答案 C B D C B A D B A C

5 5 25

11. ∀𝑥 ∈ R, 𝑥2 − 𝑥 + 1 ⩾ 0.

12. 答案不唯一，如 𝑎 = 1, 𝑏 = −1, 𝑐 = −2.

13. (1, 1)，(−∞, 0] (1,+∞).

14. (0, 1)，
√
3
2 .

15. ①③④.

13,14 题第一个空 3 分，第二个空 2 分，15 题的采分点为 0,2,3,5 分，有错误不给分.
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16. 解：(I) 图象如图， ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 2 分

𝑓(𝑥) =
⎧{
⎨{⎩

𝑥2 − 3𝑥 + 2, 𝑥 > 0,
0, 𝑥 = 0,
−𝑥2 − 3𝑥 − 2, 𝑥 < 0.

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 3 分

(II) 单调增区间是 (−∞,−3
2)，(3

2,+∞)，

单调减区间是 (−3
2, 0)，(0, 32)， ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 4 分

证：∀𝑥1, 𝑥2 ∈ (0, 1)，不妨设 𝑥1 < 𝑥2，

𝑓(𝑥1) − 𝑓(𝑥2) = 𝑥2
1 − 3𝑥1 + 2 − (𝑥2

2 − 3𝑥2 + 2) = (𝑥1 − 𝑥2)(𝑥1 +
𝑥2 − 3)，
因为 𝑥1 + 𝑥2 − 3 < 0，𝑥1 − 𝑥2 < 0，
所以，𝑓(𝑥1) − 𝑓(𝑥2) > 0，即 𝑓(𝑥1) > 𝑓(𝑥2)，
因此,𝑓(𝑥) 在 (0, 1) 上单调递减. ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 3 分

解集为 (−∞,−2) (−1, 0) (2,+∞). ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅3 分

17. 解：(I)𝐴 = (−1, 3), ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅2 分

当 𝑎 = 1 时，𝐵 = (1, 5)， ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 2 分

因此，𝐴 𝐵 = (−1, 5). ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅2 分

(II) 选择条件①或③， ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅1 分

由条件可得 𝐵 𝐴， ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 1 分

当 𝑎 = 0 时，𝐵 = ∅，满足题意； ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅2 分
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当 𝑎 > 0 时，𝐵 = (𝑎, 5𝑎)，

所以，5𝑎 ⩽ 3，即 𝑎 ⩽ 3
5，所以，0 < 𝑎 ⩽ 3

5 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 2 分

当 𝑎 < 0 时，𝐵 = (5𝑎, 𝑎)，

所以，5𝑎 ⩾ −1，即 𝑎 ⩾ −1
5，所以，−1

5 ⩽ 𝑎 < 0 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 2 分

综上所述，𝑎 的取值范围是 [−1
5,

3
5]. ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 1 分

18. 解：(I) 当 𝑘 = 1 时，消去 𝑦，得 3𝑥2 + 2𝑥 − 1 = 0， ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 2 分

解得 𝑥1 = −1, 𝑥2 = 1
3，

因此，方程组的解为 { 𝑥 = −1,
𝑦 = 0

和
⎧{
⎨{⎩

𝑥 = 1
3,

𝑦 = 4
3.

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 2 分

(II) 消去 𝑦，得 (𝑘2 + 2)𝑥2 + 2𝑘𝑥 − 1 = 0， ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 1 分

𝛥 = 8𝑘2 + 8 > 0， ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 2 分

因此，该方程有两个不同的解，该方程组也对应有两组不同的解. ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅1 分

(II) 由韦达定理得 𝑥1 + 𝑥2 = − 2𝑘
𝑘2 + 2, 𝑥1𝑥2 = − 1

𝑘2 + 2， ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 2 分

𝑦1 + 𝑦2 = 𝑘(𝑥1 + 𝑥2) + 2 = 4
𝑘2 + 2 , ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 1 分

𝑦1𝑦2 = 𝑘2𝑥1𝑥2 + 𝑘(𝑥1 + 𝑥2) + 1 = −2𝑘2 + 2
𝑘2 + 2 , ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅1 分

所以，3(𝑦1 + 𝑦2) − 2𝑦1𝑦2 = 12
𝑘2 + 2 − −4𝑘2 + 4

𝑘2 + 2 = 4, ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 1 分

因此，是定值，且定值为 4. ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅1 分

19. 解:(I) 当 𝑥 = 6 时，𝑡 = 25 − 𝑘
6 + 2 = 19，解得 𝑘 = 48, ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 2 分

(II)𝑦 = 30 + 𝑥 + 12(25 − 48
𝑥 + 2), 𝑥 ⩾ 0. ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 3 分

(III) 设年利润为 𝑊 万元，

则 𝑊 = 𝑦 − 𝑥
𝑡 ⋅ 2𝑡 − 𝑦 = 𝑦 − 2𝑥 = 30 − 𝑥 + 300 − 576

𝑥 + 2 = 332 − (𝑥 + 2 + 576
𝑥 + 2), ⋅ ⋅ ⋅ ⋅ ⋅ 6 分

当且仅当 𝑥 + 2 = 24, 𝑥 = 22 时, 𝑊 取最大值 284. ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 2 分

20. 解：(I) 当 𝑎 = 0 时，𝑓(𝑥) = 𝑥|𝑥| + 2𝑥，
𝑓(−𝑥) = −𝑥| − 𝑥| − 2𝑥 = −𝑓(𝑥)，
因此，𝑓(𝑥) 是 R 上的奇函数. ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 3 分

(II) 𝑓(𝑥) = { 𝑥2 + (2 − 𝑎)𝑥, 𝑥 ⩾ 𝑎,
−𝑥2 + (2 + 𝑎)𝑥, 𝑥 < 𝑎.

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅2 分

当 𝑥 ⩾ 𝑎 时，
𝑎 − 2
2 ⩽ 𝑎，解得 𝑎 ⩾ −2； ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 2 分
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当 𝑥 < 𝑎 时，
𝑎 + 2
2 ⩾ 𝑎，解得 𝑎 ⩽ 2； ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 2 分

所以，𝑎 的取值范围是 [0, 2].
(III) 因为 𝑓(𝑥) < 2𝑥 + 1 在 𝑥 ∈ [1, 2] 恒成立, 即 𝑥|𝑥 − 𝑎| < 1, 𝑥 ∈ [1, 2],

所以，𝑥 − 1
𝑥 < 𝑎 < 𝑥 + 1

𝑥 恒成立, ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 2 分

考虑 𝑥 − 1
𝑥 ∈ [0, 32 ]，𝑥 + 1

𝑥 ∈ [2, 103 ]， ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅2 分

所以，𝑎 的取值范围是 (32 , 2). ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅1 分

21. 解：(I)𝛺 (𝐴1) 中有 4 个元素, 𝛺 (𝐴2) 中有 7 个元素. ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅4 分

(II)𝛺(𝐴) 中元素个数的最大值是 31，最小值是 11. ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅2 分

集合 𝐴 的非空子集有 25 − 1 = 31 个, 因此, 𝛺(𝐴) 中最多有 31 个元素.
集合 𝐴 = {2, 3, 5, 7, 11}, 𝐴 中任意两个不同子集元素的乘积不同，

此时，𝛺(𝐴) 中有 31 个元素. ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 1 分

不妨设 1 ⩽ 𝑎1 < 𝑎2 < 𝑎3 < 𝑎4 < 𝑎5,
则 𝑎1 < 𝑎2 < 𝑎3 < 𝑎4 < 𝑎5 < 𝑎2 ⋅𝑎5 < 𝑎3 ⋅𝑎5 < 𝑎4 ⋅𝑎5 < 𝑎2 ⋅𝑎4 ⋅𝑎5 < 𝑎3 ⋅𝑎4 ⋅𝑎5 < 𝑎2 ⋅𝑎3 ⋅𝑎4 ⋅𝑎5,
所以, 𝛺(𝐴) 中至少 11 个元素.
𝐴 = {1, 2, 4, 8, 16},𝛺 (𝐴1) = {1, 2, 4, 8, 16, 32, 64, 128, 256, 512, 1024},
此时，𝛺(𝐴) 中有 11 个元素. ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 2 分

(III) 𝛺(𝐴) 中最少有 13 个元素. ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅1 分

如 𝐴 = {1
8,

1
4 ,

1
2 , 1, 2, 4, 8) ，𝛺(𝐴) = { 1

64,
1
32,

1
16,

1
8 ,

1
4 ,

1
2 , 1, 2, 4, 8, 16, 32, 64},

此时，𝛺(𝐴) 中有 13 个元素. ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 1 分

证明如下: 记 |𝐴| 表示集合 𝐴 中的元素个数，

对集合 𝐴 按照如下分类：

𝐴1 = {𝑎 ∣ 𝑎 ∈ 𝐴, 𝑎 < 1},
𝐴2 = {𝑎 ∣ 𝑎 ∈ 𝐴, 𝑎 = 1},
𝐴3 = {𝑎 ∣ 𝑎 ∈ 𝐴, 𝑎 > 1},

设 |𝐴1| = 𝑥, |𝐴2| = 𝑦, |𝐴3| = 𝑧, 则 𝑥 + 𝑦 + 𝑧 = 7, 𝑦 ⩽ 1, 𝑥 + 𝑧 ⩾ 6. 设 𝐵 = 𝛺(𝐴), 再对集合

𝐵 按照如下分类:
𝐵1 = {𝑏 ∣ 𝑏 ∈ 𝐵, 𝑏 < 1},
𝐵2 = {𝑏 ∣ 𝑏 ∈ 𝐵, 𝑏 = 1},
𝐵3 = {𝑏 ∣ 𝑏 ∈ 𝐵𝐴, 𝑏 > 1},

设 |𝐵1| = 𝑝, |𝐵2| = 𝑞, |𝐵3| = 𝑟,
设 𝐴1 = {𝑎1, 𝑎2, ⋯ , 𝑎𝑥}, 其中，𝑎1 < 𝑎2 < ⋯ < 𝑎𝑥 < 1, 则

𝑎1𝑎2 ⋯𝑎𝑥 < 𝑎1𝑎2𝑎3 < ⋯ < 𝑎1𝑎2𝑎𝑥 < 𝑎1𝑎2 < 𝑎1𝑎3 < 𝑎1𝑎𝑥 < 𝑎1 < 𝑎2 < ⋯ < 𝑎𝑥 < 1,

故 𝑝 ⩾ 𝑥 + (𝑥 − 1) + (𝑥 − 2) + ⋯+ 1 = 1
2𝑥(𝑥 + 1), ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 1 分
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同理可证，𝑟 ⩾ 𝑧 + (𝑧 − 1) + (𝑧 − 2) + ⋯ + 1 = 1
2𝑧(𝑧 + 1),

而 𝑞 ⩾ 𝑦, 因此，

𝑝 + 𝑞 + 𝑟 ⩾ 1
2𝑥(𝑥 + 1) + 1

2𝑧(𝑧 + 1) + 𝑦 = 1
2 (𝑥2 + 𝑥 + 𝑧2 + 𝑧 + 2𝑦)

= 1
2 (𝑥2 − 𝑥 + 𝑧2 − 𝑧 + 14) = 1

2 [(𝑥 + 𝑧)2 − (𝑥 + 𝑧) − 2𝑥𝑧] + 7,

⩾ 1
2 [(𝑥 + 𝑧)2 − (𝑥 + 𝑧) − (𝑥 + 𝑧)2

2 ] + 7 = 1
4 [(𝑥 + 𝑧)2 − 2(𝑥 + 𝑧)] + 7,

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 1 分

注意到 6 ⩽ 𝑥 + 𝑧 ⩽ 7,

所以，𝑝 + 𝑞 + 𝑟 ⩾ 1
4 (62 − 2 × 6) + 7 = 13 ，

当且仅当 𝑥 = 𝑧 = 3, 𝑦 = 1 时，等号成立, ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 1 分

因此，𝛺(𝐴) 中最少有 13 个元素.
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