
北师大实验中学 2024-2025 学年第一学期开学摸底测验

高二数学

2024 年 8 月

本试卷共 4 页，共 150 分。考试时长 90 分钟。考生务必将答案答在答题卡上，在试卷上作答
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10 4 40

1. 已知角 𝛼 的终边经过点 𝑃(2,−1), 则 cos𝛼 =

(A)
√
5
5 (B) −

√
5
5 (C) 2

√
5

5 (D) −2
√
5

5
2. 若复数 𝑧 满足 i ⋅ 𝑧 = 1 − i, 则复平面内表示 𝑧 的点在

(A) 第一象限 (B) 第二象限 (C) 第三象限 (D) 第四象限

3. cos 30∘ cos 15∘ − sin 30∘ sin 15∘ 的值为

(A) 1
2 (B)

√
2
2 (C)

√
3
2 (D) 1

4. 在 △𝐴𝐵𝐶 中，
𝑏

cos𝐵 = 𝑐
sin𝐶 , 则 ∠𝐵 =

(A) π
6 (B) π

4 (C) π
3 (D) π

2
5. 已知 𝑙,𝑚 是两条不同的直线，𝛼, 𝛽 是两个不同的平面，下列命题正确的是

(A) 若 𝑚 ⟂ 𝛼,𝛼 ⟂ 𝛽, 则 𝑚 𝛽 (B) 若 𝛼 𝛽 = 𝑙, 𝑙 𝑚, 则 𝑚 𝛽

(C) 若 𝑚 𝛼,𝛼 ⟂ 𝛽, 则 𝑚 ⟂ 𝛽 (D) 若 𝑚 ⟂ 𝛼,𝛼 𝛽, 则 𝑚 ⟂ 𝛽

6. 下列函数中，以 π 为最小正周期，且在区间 (0, π2) 上单调递增的是

(A) 𝑦 = tan(𝑥 + 𝜋
4) (B) 𝑦 = | sin𝑥| (C) 𝑦 = cos 2𝑥 (D) 𝑦 = sin(𝑥 − π

4)

7. 将函数 𝑦 = sin(2𝑥 + π
3) 的图象向右平移

π
2 个单位长度，得到的图象关于点 (𝜑, 0) 对称，则

|𝜑| 的最小值为

(A) π
6 (B) π

4 (C) π
3 (D) π

2

8. 在 △𝐴𝐵𝐶 中，已知 𝑎 = 2,𝐴 = π
3 , 则下列说法正确的是

(A) 当 𝑏 = 1 时，△𝐴𝐵𝐶 是锐角三角形 (B) 当 𝑏 = 4
√
3

3 时，△𝐴𝐵𝐶 是直角三角形

(C) 当 𝑏 = 7
3 时，△𝐴𝐵𝐶 是钝角三角形 (D) 当 𝑏 = 5

3 时，△𝐴𝐵𝐶 是等腰三角形
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9. 已知 𝒂, 𝒃 是非零向量，则“𝒂 ⟂ 𝒃”是“对于任意的 𝜆 ∈ R, 都有 |𝒂 + 𝜆𝒃| = |𝒂 − 𝜆𝒃| 成立”的

(A) 充分而不必要条件 (B) 必要而不充分条件

(C) 充分必要条件 (D) 既不充分也不必要条件

10. 海水受日月的引力，在一定的时候发生涨落的现象叫潮汐. 一般早潮叫潮，晚潮叫汐. 在通常

情况下，船在涨潮时驶进航道，靠近船坞；卸货后落潮时返回海洋. 下面是某港口在某季节某

天的时间与水深值（单位：m) 的部分记录表.
时间 0 ∶ 00 3 ∶ 00 6 ∶ 00 9 ∶ 00 12 ∶ 00

水深值 5. 0 7. 5 5. 0 2. 5 5.0
据分析，这个港口的水深值与时间的关系可近似地用三角函数来描述. 试估计 13 ∶ 00 的水深

值为

(A) 3.75 (B) 5.83 (C) 6.25 (D) 6.67

(非选择题，共 110 分)

5 5 25

11. 已知 𝑧(1 + i) = 2i , 则 |𝑧| = .

12. 在平面直角坐标系 𝑥𝑂𝑦 中，角 𝛼 与角 𝛽 均以 𝑂𝑥 为始边，它们的终边关于 𝑦 轴对称，若角 𝛼

的终边与单位圆交于点 𝑃 (3
5,𝑚) , 则 cos𝛽 = .

13. 已知菱形 𝐴𝐵𝐶𝐷 的边长为 2，∠𝐵𝐴𝐷 = 60∘, ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗𝐵𝐶 = 2 ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗𝐵𝑃 , 则 ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗𝐴𝑃 ⋅ ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗𝐵𝐷 = .

14. 陀螺是中国民间的娱乐工具之一，早期陀螺的形状由同底的一个

圆柱和一个圆锥组合而成（如图）. 已知一木制陀螺模型内接于

一表面积为 16π cm2 的球，其中圆柱的两个底面为球的两个截面，

圆锥的顶点在该球的球面上，若圆柱的高为 2 cm, 则该圆柱的侧

面积为 cm2, 该陀螺的体积为 cm3.

15. 在棱长为 1 的正方体 𝐴𝐵𝐶𝐷−𝐴1𝐵1𝐶1𝐷1 中，𝐸,𝐹 ,𝐺 分别为棱

𝐴𝐴1, 𝐶1𝐷1, 𝐶𝐶1 的中点，动点 𝐻 在平面 𝐸𝐹𝐺 内，且 𝐷𝐻 = 1.
给出下列四个结论：

① 𝐴1𝐵 平面 𝐸𝐹𝐺;

② 点 𝐻 轨迹的长度为 π;

③ 存在点 𝐻, 使得直线 𝐷𝐻 ⟂ 平面 𝐸𝐹𝐺;

④ 平面 𝐸𝐹𝐺 截正方体所得的截面面积为
3
√
3

4 .

其中所有正确结论的序号是 .
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6 85
16.（13 分）

已知函数 𝑓(𝑥) = sin(𝑥 − π
6) + sin(𝑥 + π

2) .

（I） 求 𝑓(0) 的值和 𝑓(𝑥) 的零点；

（II） 求 𝑓(𝑥) 的单调递增区间.

17.（14 分）

如图，在长方体 𝐴𝐵𝐶𝐷−𝐴1𝐵1𝐶1𝐷1 中，𝐴𝐵 = 𝐵𝐶 = 2,𝐶𝐶1 =
4,𝐸 为 𝐶𝐶1 的中点.

（I） 求证：𝐴𝐶1 平面 𝐸𝐷𝐵;

（II） 求证：平面 𝐸𝐷𝐵 ⟂ 平面 𝐴𝐶𝐶1;

（III） 求点 𝐶 到平面 𝐸𝐷𝐵 的距离.

18.（14 分）

已知 ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗𝑂𝐴 = 𝒂, ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗𝑂𝐵 = 𝒃, |𝒂| =
√
2, |𝒃| = 1,< 𝒂, 𝒃 >= π

4 .

（I） 求 |𝒂 − 2𝒃|;
（II） 若 ⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗𝑂𝑄 = 𝑡 ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗𝑂𝐴, 求 ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗𝐴𝑄 ⋅ (⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗𝑂𝑄 − ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗𝑂𝐵) 的最小值.

19.（14 分）

在 △𝐴𝐵𝐶 中，𝑏 + 2𝑐 − 2𝑎 cos𝐵 = 0.
（I） 求 ∠𝐴;

（II） 若 △𝐴𝐵𝐶 的面积是

√
3
2 , 求 𝑎 的最小值.
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20.（15 分）

如图 1，在 △𝐴𝐵𝐶 中，𝐴𝐵 = 3,𝐴𝐶 = 4,𝐵𝐶 = 5,𝐷,𝐸 分别为 𝐴𝐶,𝐵𝐶 的中点. 将 △𝐶𝐷𝐸
沿 𝐷𝐸 折起到 △𝐶1𝐷𝐸 的位置，得到四棱锥 𝐶1 −𝐷𝐴𝐵𝐸, 如图 2.

（I） 求证：𝐷𝐸 ⟂ 𝐶1𝐴;
（II） 若 𝑀 是线段 𝐶1𝐵 上的点，平面 𝐷𝐸𝑀 与线段 𝐶1𝐴 交于点 𝑁 , 再从条件①、条件①、条件①

这三个条件中选择一个作为已知，使点 𝑀 唯一确定，并解答问题.
i. 求证：𝑁 为 𝐶1𝐴 的中点；

ii. 求证：𝐶1𝐴 ⟂ 平面 𝐷𝐸𝑀𝑁 .

条件①: 𝐶1𝑀 = 𝑀𝐵;
条件②: 𝐷𝐸 𝑁𝑀 ;
条件③: 𝐸𝑀 ⟂ 𝐶1𝐵.

如果选择的条件不符合要求，第 (II) 问得 0 分；如果选择多个符合要求的条件分别解答，按第一
个解答计分.

21.（15 分）

已知 𝑛 维向量 𝒂 = (𝑎1, 𝑎2, ⋯ , 𝑎𝑛) , 给定 𝑘 ∈ {1, 2,⋯ , 𝑛−1}, 定义变换 𝜑𝑘 ∶ 选取 𝑖 ∈ {0, 1,⋯𝑛−
1}, 再选取一个实数 𝑥, 对 𝒂 的坐标进行如下改变：

若此时 𝑖 + 𝑘 ⩽ 𝑛, 则将 𝑎𝑖+1, 𝑎𝑖+2, ⋯ , 𝑎𝑖+𝑘 同时加上 𝑥, 其余坐标不变;
若此时 𝑖 + 𝑘 > 𝑛, 则将 𝑎𝑖+1, 𝑎𝑖+2, ⋯ , 𝑎𝑛 及 𝑎1, 𝑎2, ⋯ , 𝑎𝑖+𝑘−𝑛 同时加上 𝑥, 其余坐标不变.
若向量 𝒂 经过有限次变换 𝜑𝑘 (每次变换所取的 𝑖, 𝑥 的值可能不同) 后，最终得到的向量

(𝑡1, 𝑡2, ⋯ , 𝑡𝑛) 满足 𝑡1 = 𝑡2 = ⋯ = 𝑡𝑛, 则称 𝒂 为 𝑘 阶可等向量，

例如，向量 (1, 3, 2) 经过两次变换 𝜑2 可得：

(1, 3, 2)
𝑖=2,𝑥=1
−−−−−→ (2, 3, 3)

𝑖=1,𝑥=−1
−−−−−−→ (2, 2, 2), 所以 (1, 3, 2) 是 2 阶可等向量.

（I） 判断 (1, 2, 3) 是否是 2 阶可等向量？说明理由；

（II） 若取 1,2,3,4 的一个排序得到的向量 (𝑎1, 𝑎2, 𝑎3, 𝑎4) 是 2 阶可等向量，求 𝑎1 + 𝑎3;
（III） 若任取 𝑎1, 𝑎2, ⋯ , 𝑎𝑛 的一个排序得到的 𝑛 维向量均为 𝑘 阶可等向量，则称 (𝑎1, 𝑎2, ⋯ , 𝑎𝑛) 为

𝑘 阶强可等向量. 求证：向量 (1, 2, 3, 4, 5, 6, 7) 是 5 阶强可等向量.

数学试题第 4 页（共 8 页）

{#{QQABRYAQoggIAJBAARhCAwmqCAMQkAGAAYgOwAAEMAAAgQFABAA=}#}{#{QQABRYA04ggYgJSACR5KAwnaCQsQsIIgLYgsxRCHOARKQRFABIA=}#}



10 4 40

题号 1 2 3 4 5 6 7 8 9 10
答案 C C B B D B A B C C

5 5 25

11.
√
2.

12. −3
5 .

13. −1.

14. 4
√
3π,7π.

15. ①②④.
14 题第一个空 2 分，第二个空 3 分，15 题的采分点为 0,3,5 分，有错误不给分.

6 85

16. 解：(I) 𝑓(0) = sin(−π
6) + sin(π2) = −1

2 + 1 = 1
2 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 3 分

𝑓(𝑥) = sin(𝑥 − π
6) + sin(𝑥 + π

2) = sin𝑥 cos π6 − cos𝑥 sin π
6 + cos𝑥

= sin𝑥 cos π6 + cos𝑥 sin π
6 = sin(𝑥 + π

6) ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 7 分

令 𝑥 + π
6 = 𝑘π, 所以 𝑥 = 𝑘π − π

6 .

所以 𝑓(𝑥) 的零点为 𝑥 = 𝑘π − π
6 , 𝑘 ∈ Z ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅9 分

(II) 因为 𝑦 = sin𝑥 的单调递增区间为 (2𝑘π − π
2 , 2𝑘π + π

2) , 𝑘 ∈ Z

所以 2𝑘π − π
2 < 𝑥 + π

6 < 2𝑘π + π
2 . ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 11 分

所以 2𝑘π − 2π
3 < 𝑥 < 2𝑘π + π

3

所以函数 𝑓(𝑥) 的单调递增区间为 (2𝑘π − 2π
3 , 2𝑘π + π

3) , 𝑘 ∈ Z ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 13 分

17. 解：(I) 设 𝐴𝐶 𝐵𝐷 = 𝐹 , 连接 𝐸𝐹 .
因为在长方体 𝐴𝐵𝐶𝐷−𝐴1𝐵1𝐶1𝐷1 中，𝐹 为 𝐴𝐶 的中点，

又因为 𝐸 为 𝐶𝐶1 的中点，所以 𝐸𝐹 𝐴𝐶1.
又 𝐴𝐶1 平面 𝐸𝐷𝐵,𝐸𝐹 平面 𝐸𝐷𝐵,
所以 𝐴𝐶1 平面 𝐸𝐷𝐵. ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅5 分
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(II) 因为 𝐶𝐶1 ⟂ 平面 𝐴𝐵𝐶𝐷, 所以 𝐶𝐶1 ⟂ 𝐵𝐷.
因为在长方体 𝐴𝐵𝐶𝐷−𝐴1𝐵1𝐶1𝐷1 中，𝐴𝐵 = 𝐵𝐶,
所以底面 𝐴𝐵𝐶𝐷 为正方形. 所以 𝐴𝐶 ⟂ 𝐵𝐷.
又因为 𝐴𝐶 𝐶𝐶1 = 𝐶, 所以 𝐵𝐷 ⟂ 平面 𝐴𝐶𝐶1.
又因为 𝐵𝐷 平面 𝐸𝐷𝐵, 所以平面 𝐸𝐷𝐵 ⟂ 平面 𝐴𝐶𝐶1. ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 10 分

(III) 在 △𝐸𝐹𝐶 中，过 𝐶 作 𝐶𝐺 ⟂ 𝐸𝐹 , 垂足为 𝐺.
因为平面 𝐸𝐷𝐵 ⟂ 平面 𝐴𝐶𝐶1, 平面 𝐸𝐷𝐵 平面 𝐴𝐶𝐶1 = 𝐸𝐹,𝐶𝐺 平面 𝐴𝐶𝐶1,
所以 𝐶𝐺 ⟂ 平面 𝐸𝐷𝐵.
因为 𝐴𝐵 = 𝐵𝐶 = 2, 所以 𝐹𝐶 =

√
2.

因为 𝐶𝐶1 = 4,𝐸 为 𝐶𝐶1 的中点，所以 𝐸𝐶 = 2.

在 𝑅𝑡△𝐸𝐹𝐶 中，𝐸𝐹 =
√
𝐹𝐶2 +𝐸𝐶2 =

√
6.

所以 𝐶𝐺 = 𝐹𝐶 ⋅ 𝐸𝐶
𝐸𝐹 = 2

√
3

3 .

故点 𝐶 到平面 𝐸𝐷𝐵 的距离为
2
√
3

3 . ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 14 分

18. 解：(I) 因为 |𝒂 − 2𝒃| = √(𝒂 − 2𝒃)2 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 2 分

=
√
𝒂2 − 4𝒂 ⋅ 𝒃 + 4𝒃2 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 4 分

𝒂 ⋅ 𝒃 = |𝒂| ⋅ |𝒃| cos < 𝒂, 𝒃 >= 1 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 6 分

所以 |𝒂 − 2𝒃| = √2 − 4 + 4 =
√
2 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 7 分

(II) 因为 ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗𝐴𝑄 ⋅ (⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗𝑂𝑄 − ⃗⃗⃗ ⃗⃗⃗ ⃗⃗ ⃗⃗⃗ ⃗𝑂𝐵) = (𝑡 ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗𝑂𝐴 − ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗𝑂𝐴) ⋅ (𝑡 ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗𝑂𝐴 − ⃗⃗⃗ ⃗⃗⃗ ⃗⃗ ⃗⃗⃗ ⃗𝑂𝐵)

= (𝑡2 − 𝑡) ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗𝑂𝐴2 − (𝑡 − 1) ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗𝑂𝐴 ⋅ ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗⃗ ⃗⃗𝑂𝐵 = 2 (𝑡2 − 𝑡) − (𝑡 − 1) = 2𝑡2 − 3𝑡 + 1 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 11 分

= 2(𝑡 − 3
4)

2
− 1

8 ⩾ −1
8

所以当 𝑡 = 3
4 时，⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗𝐴𝑄 ⋅ (⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗𝑂𝑄 − ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗𝑂𝐵) 的最小值为 −1

8 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅14 分
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19. 解：(I) 因为 𝑏 + 2𝑐 − 2𝑎 cos𝐵 = 0.

所以 𝑏 + 2𝑐 − 2𝑎 ⋅ 𝑎
2 + 𝑐2 − 𝑏2

2𝑎𝑐 = 0. 所以 𝑏𝑐 + 𝑐2 − 𝑎2 + 𝑏2 = 0.

所以 cos𝐴 = 𝑏2 + 𝑐2 − 𝑎2
2𝑏𝑐 = −1

2 .

因为 𝐴 ∈ (0, π), 所以 ∠𝐴 = 2π
3 . ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 7 分

(II) 因为 △𝐴𝐵𝐶 的面积是

√
3
2 ,

由 (I) 知 ∠𝐴 = 2π
3 ,

所以 𝑆△𝐴𝐵𝐶 = 1
2𝑏𝑐 sin𝐴 =

√
3
4 𝑏𝑐 =

√
3
2 . 所以 𝑏𝑐 = 2.

由 (I) 知 𝑎2 = 𝑏𝑐 + 𝑐2 + 𝑏2 ⩾ 3𝑏𝑐 (当且仅当 𝑏 = 𝑐 =
√
2 时，取等号)

所以 𝑎 的最小值为
√
6. ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅14 分

20. 解:(I) 因为在 △𝐴𝐵𝐶 中，𝐴𝐵 = 3,𝐴𝐶 = 4,𝐵𝐶 = 5,
所以 𝐴𝐵 ⟂ 𝐴𝐶.
因为 𝐷,𝐸 分别为 𝐴𝐶,𝐵𝐶 的中点

所以 𝐷𝐸 𝐴𝐵. 所以 𝐷𝐸 ⟂ 𝐴𝐶.
所以 𝐷𝐸 ⟂ 𝐶1𝐷,𝐷𝐸 ⟂ 𝐴𝐷.
又因为 𝐶1𝐷 𝐴𝐷 = 𝐷, 所以 𝐷𝐸 ⟂ 平面 𝐶1𝐴𝐷.
又因为 𝐶1𝐴 平面 𝐶1𝐴𝐷, 所以 𝐷𝐸 ⟂ 𝐶1𝐴. ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅5 分

(II) 选择条件①: 𝐶1𝑀 = 𝑀𝐵.
(i) 因为因为 𝐷𝐸 𝐴𝐵, 又因为 𝐷𝐸 平面 𝐶1𝐴𝐵,𝐴𝐵 平面 𝐶1𝐴𝐵,
所以 𝐷𝐸 平面 𝐶1𝐴𝐵.
又因为 𝐷𝐸 平面 𝐷𝐸𝑀𝑁 , 平面 𝐷𝐸𝑀𝑁 平面 𝐶1𝐴𝐵 = 𝑁𝑀 ,
所以 𝐷𝐸 𝑁𝑀 .
又因为 𝐷𝐸 𝐴𝐵, 所以 𝑁𝑀 𝐴𝐵.
因为 𝐶1𝑀 = 𝑀𝐵, 所以 𝐶1𝑁 = 𝑁𝐴. 即 𝑁 为 𝐶1𝐴 的中点 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 10 分

(ii) 因为 𝐷𝐶1 = 𝐷𝐴, 由 (i) 得 𝐶1𝑁 = 𝑁𝐴,
所以 𝐷𝑁 ⟂ 𝐶1𝐴.
由 (I) 得 𝐷𝐸 ⟂ 𝐶1𝐴, 又因为 𝐷𝑁 𝐷𝐸 = 𝐷,
所以 𝐶1𝐴 ⟂ 平面 𝐷𝐸𝑀𝑁 . ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅15 分

选择条件③:𝐸𝑀 ⟂ 𝐶1𝐵.
又因为 𝐸𝐶1 = 𝐸𝐵, 所以 𝐶1𝑀 = 𝑀𝐵.
以下同选条件①.
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21. 解：(I) (1, 2, 3) 是 2 阶可等向量， ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 1 分

例如经过两次变换 𝜑2 可得：(1, 2, 3)
𝑖=3,𝑥=1
−−−−−→ (2, 3, 3)

𝑖=1,𝑥=−1
−−−−−−→ (2, 2, 2) ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 4 分

(II) 设 (𝑎1, 𝑎2, 𝑎3, 𝑎4) 进行一次变换 𝜑2 后得 (𝑎′1, 𝑎′2, 𝑎′3, 𝑎′4) ,
当 𝑖 = 0 时，(𝑎′1, 𝑎′2, 𝑎′3, 𝑎′4) = (𝑎1 + 𝑥, 𝑎2 + 𝑥, 𝑎3, 𝑎4)
当 𝑖 = 1 时，(𝑎′1, 𝑎′2, 𝑎′3, 𝑎′4) = (𝑎1, 𝑎2 + 𝑥, 𝑎3 + 𝑥, 𝑎4)
当 𝑖 = 2 时，(𝑎′1, 𝑎′2, 𝑎′3, 𝑎′4) = (𝑎1, 𝑎2, 𝑎3 + 𝑥, 𝑎4 + 𝑥)
当 𝑖 = 3 时，(𝑎′1, 𝑎′2, 𝑎′3, 𝑎′4) = (𝑎1 + 𝑥, 𝑎2, 𝑎3, 𝑎4 + 𝑥)
综上，我们得到 (𝑎′1 + 𝑎′3)−(𝑎′2 + 𝑎′4) = (𝑎1 + 𝑎3 + 𝑥)−(𝑎2 + 𝑎4 + 𝑥) = (𝑎1 + 𝑎3)−(𝑎2 + 𝑎4).
因为 (𝑎1, 𝑎2, 𝑎3, 𝑎4) 是 2 阶可等向量，即 𝑡1 = 𝑡2 = 𝑡3 = 𝑡4
所以 (𝑎1 + 𝑎3) − (𝑎2 + 𝑎4) = (𝑡1 + 𝑡3) − (𝑡2 + 𝑡4) = 0.

所以 𝑎1 + 𝑎3 = 𝑎2 + 𝑎4 = 𝑎1 + 𝑎3 + 𝑎2 + 𝑎4
2 = 1 + 2 + 3 + 4

2 = 5 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 9 分

(III) 任取 (1, 2,⋯ , 7) 的一个排序，记为 𝒃 = (𝑏1, 𝑏2, ⋯ , 𝑏7) .
注意到，(𝑎1, 𝑎2, ⋯ , 𝑎𝑛) 是 𝑘 阶可等向量，等价于 (𝑎1 + 𝑦, 𝑎2 + 𝑦,⋯ , 𝑎𝑛 + 𝑦) 是 𝑘 阶可等向

量

变换 𝜑5 即对连续五个维度的坐标（首尾也看成连续）同时加上 𝑥, 相当于对剩余两个连续

维度的坐标同时加上 −𝑥.
对 𝑏2, 𝑏3; 𝑏4, 𝑏5; 𝑏6, 𝑏7 依次加上 −𝑥, 相当于对 𝑏1 单独加上 𝑥;
对 𝑏3, 𝑏4; 𝑏5, 𝑏6; 𝑏7, 𝑏1 依次加上 −𝑥, 相当于对 𝑏2 单独加上 𝑥;
基于上述分析，相当于可以对 𝑏1, 𝑏2, ⋯ , 𝑏7 分别单独加上 −𝑏1, −𝑏2, ⋯ ,−𝑏7.
所以 𝒃 为 5 阶可等向量，(1, 2,⋯ , 7) 为 5 阶强可等向量 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 15 分
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